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RECURRENCE RELATIONS OF LI COEFFICIENTS
HUAN XIAO
Abstract. One of equivalents of the Riemann hypothesis is Li’s
criterion that all Li coefficients are positive. We study recurrence
relations of Li coefficients in this note.
1. Introduction
The Riemann zeta function is the infinite series
ζ(s) =
∞∑
n=1
1
ns
where s := σ + it is a complex number. It is well known that the
Riemann zeta function has zeros at negative even integers which are
called trivial zeros. The Riemann hypothesis asserts that all nontrivial
zeros satisfy σ = 1
2
. The Riemann zeta function is a vast subject in
number theory, for its basic properties and other advanced progress
one may refer to [3, 4, 6, 11].
Keiper [7] studied the power series
log
(
2ξ
(
1
s
))
=
∞∑
k=0
λk(1− s)
k
where
ξ(s) =
s(s− 1)
2
pi−
s
2Γ( s
2
)ζ(s)
is the Riemann Xi function and proved that the Riemann hypothesis
implies λk > 0 for all k > 0. Later in 1997 Li [8] showed the converse,
which is known as Li’s criterion.
Theorem 1.1 (Li’s criterion). The Riemann hypothesis is equivalent
to the statement that all Li coefficients
λn =
∑
ρ
[
1−
(
1−
1
ρ
)n]
are positive for integers n > 0 where ρ runs over the nontrivial zeros
of the Riemann zeta function.
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The Li coefficients λn are extensively studied, see for example [1,
2, 5, 9].
In this note, we study recurrence relations of Li coefficients.
1.1. Acknowledgement. The author is partially supported by China
Scholarship Council.
2. Naive recurrence relation
First we have the following naive recurrence relation of Li coeffi-
cients.
Theorem 2.1. For integers n > 1,
(2.1) λn = λn−1 +
∑
ρ
1
ρ
(
1−
1
ρ
)n−1
.
Proof. This follows from
(2.2) λn =
∑
ρ
[
1−
(
1−
1
ρ
)n]
,
and
(2.3)
1−
(
1−
1
ρ
)n
=
1
ρ
[
1 +
(
1−
1
ρ
)
+
(
1−
1
ρ
)2
+ · · ·+
(
1−
1
ρ
)n−1]
.

So if one could show that
(2.4)
∑
ρ
1
ρ
(
1−
1
ρ
)n−1
> 0
for all n ≥ 1, then the Riemann hypothesis is true.
3. Nontrivial recurrence relation
Since ρ and 1− ρ is a pair of zeros, we have
(3.1) 2λn =
∑
ρ
[
1−
(
1−
1
ρ
)n]
+
∑
ρ
[
1−
(
1−
1
1− ρ
)n]
,
set
(3.2) t := 1−
1
ρ
=
ρ− 1
ρ
,
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then
(3.3) t−1 = 1−
1
1− ρ
=
ρ
ρ− 1
,
therefore
(3.4) 2λn =
∑
ρ
[
2−
(
tn + t−n
)]
,
(3.5) λn =
∑
ρ
[
1−
(
tn + t−n
2
)]
.
From (3.4) we have
Theorem 3.1. For n ≥ 1,
(3.6) λn = −
1
2
∑
t
(
tn/2 − t−n/2
)2
.
We now relate λn to the Chebyshev polynomials of the first kind
Tn(x). Recall that Tn(x) is defined as
T0(x) = 1
T1(x) = x
Tn+1(x) = 2xTn(x)− Tn−1(x).
Tn(x) has the property that for x 6= 0,
(3.7) Tn
(
x+ x−1
2
)
=
xn + x−n
2
,
for more about Chebyshev polynomials see [10].
Now we take
(3.8) x =
t+ t−1
2
= 1−
1
2ρ(1− ρ)
,
by (3.5) and (3.7) we have
(3.9) λn =
∑
ρ
[1− Tn (x)] ,
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from the recurrence relation of Tn(x) we have
λn =
∑
ρ
[1− (2xTn−1(x)− Tn−2(x))]
=
∑
ρ
[
1−
((
2−
1
ρ(1− ρ)
)
(Tn−1(x)− 1) +
(
2−
1
ρ(1− ρ)
)
− Tn−2(x)
)]
= 2λn−1 − λn−2 +
∑
ρ
1
ρ(1− ρ)
Tn−1(x)
= −
1
2
∑
ρ
[
1
ρ2
(
1−
1
ρ
)n−2
+
1
(1− ρ)2
(
1−
1
1− ρ
)n−2]
+ 2λn−1 − λn−2
= −
∑
ρ
1
ρ2
(
1−
1
ρ
)n−2
+ 2λn−1 − λn−2.
Thus we have the following recurrence relation of Li coefficients.
Theorem 3.2. Let n ≥ 3, one has
(3.10) λn = −
∑
ρ
1
ρ2
(
1−
1
ρ
)n−2
+ 2λn−1 − λn−2.
The theorem above can be directly deduced by Theorem 2.1, but
the relation between Li coefficients λn and Chebyshev polynomials is
interesting.
Corollary 3.3. Assume the Riemann hypothesis, for n ≥ 3 we have
(3.11) |λn + λn−2 − 2λn−1| ≤ 2 + γ − log 4pi = 0.04619 · · ·
where γ = 0.5772 · · · is the Euler constant.
Proof. By Theorem 3.2,
(3.12) |λn + λn−2 − 2λn−1| =
∣∣∣∣∣
∑
ρ
1
ρ2
(
1−
1
ρ
)n−2∣∣∣∣∣ ,
since we have assumed Riemann hypothesis, so
(3.13)
∣∣∣∣
(
1−
1
ρ
)∣∣∣∣ = 1, ∑
ρ
1
|ρ|2
=
∑
ρ
1
ρ(1− ρ)
= 2 + γ − log 4pi,
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the value of
∑
ρ
1
ρ(1− ρ)
can be found in for example [3]. From (3.12)
we have
(3.14)
|λn + λn−2 − 2λn−1| ≤
∑
ρ
∣∣∣∣∣ 1ρ2
(
1−
1
ρ
)n−2∣∣∣∣∣ =
∑
ρ
1
|ρ|2
= 2+γ−log 4pi.

So if one could find an n ≥ 3 such that
|λn + λn−2 − 2λn−1| > 2 + γ − log 4pi,
then the Riemann hypothesis is false.
In view of Theorem 3.2 we pose the following conjecture.
Conjecture 3.4. For all n ≥ 3, one has
(3.15) λn > 2λn−1 − λn−2.
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